We study the NJL model with the Polyakov loop in the SU(2)-color case for the EOS of quark-hadron matter at finite temperature and density. We consider the spontaneous chiral symmetry breaking and the diquark condensation together with the behavior of the Polyakov loop for the phase diagram of quark-hadron matter. We discuss the spectrum of mesons and diquark baryons (boson) at finite temperature and density. We derive also the linear sigma model Lagrangian for diquark baryon and mesons.
Introduction
The quarks and gluons are the ingredients of the quantum chromodynamics (QCD). At low temperature and density, the quarks and gluons are confined in the form of hadrons as colorless particles. However, at high temperature and density, the quarks and gluons are de-confined and become explicit degrees of freedom in this circumstance. Hence, for the discussion of strongly interacting matter in various situations, we ought to describe the dynamics of both the quarks and gluons and at the same time the baryons and mesons.
We often use the Nambu-Jona-Lasinio (NJL) model as an effective theory of strongly interacting matter, where the chiral symmetry and its spontaneous breaking are incorporated [1] . The NJL model is further armed by introducing the Polyakov loop to simulate the effect of color confinement [2] [3] [4] . This model, called as PNJL model, is by now used very often for the discussion of quark-hadron matter at finite temperature and density. The PNJL model results can be compared with lattice QCD results very well at finite temperature with zero density. As for finite density, the PNJL model is able to provide equations of state and phases of quark-hadron matter at various densities and temperatures.
Recently there are some studies of quark-hadron matter at finite temperature and density with the lattice QCD (LQCD) simulation for the case of two color [5, 6] . In this case, there is no sign problem and the LQCD simulation is able to provide equations of state of two color quark-hadron matter at finite temperature and density. There is a theoretical study to understand the behavior of various observables by using the symmetry argument [7] . It is then very interesting to work out the PNJL model for the case of the two color and compare with the LQCD simulation results. In the PNJL model we are able to provide the meson spectrum and di-quark baryon spectrum at various temperature and densities. A pioneering study in the NJL mode was performed by Ratti and Weise [8] . Introducing the Polyakov loop potential, we are able to study the role of confinement and further study in detail the hadron spectrum and also equations of state at various temperatures and densities.
NJL model with Polyakov loop
We want to work out the NJL model with Polyakov loop (PNJL model) for the two-color case to obtain an effective lagrangian with mesons and diquark-baryons in both chiral and diquark condensed phases. The PNJL Lagrangian with diquark channnel is
The covariant derivative is
In the Polyakov gauge the background color gauge field is diagonal in the color space and is defined as A 4 = iA 0 with the gauge field A µ = gA µ a t a 2 with t a being the S U(2) Pauli matrix operator in the color space. We take two flavors for the quark ψ with the isospin operator τ a and their masses are set equal as m u = m d = m 0 = 5.4 MeV. ψ T denotes the transpose of ψ. The charge conjugation operator for fermions C = iγ 0 γ 2 have been introduced. The coupling constant G 0 for the meson channel is equal to the coupling constant H 0 for the diqaurk channel as well-known as Pauli-Güersey symmetry which charactrize the two-color QCD, hence the order parameters, the chiral condensate ψ ψ and the diquark condensate ψψ , are equivalent in the chiral limit (m 0 = 0) with zero chemical potential [8] .
The effective Polyakov loop potential U is written in terms of the traced Polyakov loop
In the two-color case, the traced Polyakov loop is real , Φ * = Φ. With the traced Polyakov loop, we can express the potential as [9] 
which comes from the Haar measure in S U(2). The two parameters a =858.1 MeV and b 1/3 =210.5 MeV are taken from the work of Brauner et al. [9] so that we can make a coherent discussion with previous works.
To proceed, we use the bosonization technique and write the Lagrangian in terms of auxiliary fields [10] . We introduce meson and diquark auxiliary fields as σ, π, ∆ and ∆ * . The partition function of the PNJL model including auxiliary fields is written as
and the Lagrangian is written as
with
We have introduced a meson coupling constant g 0 and a diquark coupling constant g d together with bare mass terms δµ 0 and M d with the relations with the meson and diquark coupling constants as 
at the mean field level, we can integrate out the Lagrangian over the quark fields. The result is written as
The matricesŜ −1 andK are defined as,
Here,
The constituent quark mass have been defined as m = m 0 + g 0 σ 0 . We introduce projection operators to handle quark propagators as follows [11] . The Nambu-Gorkov propagatorŜ is determined by solvingŜŜ −1 = 1 aŝ
with the components
where
The mean field Lagrangian and thermodynamical potential
We work out the mean field part of the Lagrangian, which is written as
The first term is calculated by using the relation tr lnŜ −1 = ln detŜ −1 . Here, the determinant is taken over spin, flavor, color and coordinate spaces. We introduce now the temperature using the Matsubara formulation with the replacement p 0 → iω n with the Matsubara frequency ω n = (2n + 1)πT . We can write the thermodynamical potential as
When we have the Polyakov loop effect, we only have to change the log term as ln(
+ ∆ ) with the rule Φ * Φ = 1. The result of the mean field equations are
wheref (E) is the fermi distribution function including Polyakov term
Hadron Lagrangian with bosonization technique
We would like to extract the properties of the mesons and diquark-baryons at finite temperature and density. For this purpose, we expand the log term as
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We shall work out the kinetic energies and the mass terms of the mesons and the diquark baryons by working out the k = 2 terms.
The propagator terms Γ's are described in Fourier transformed forms as
The result of the Fourier transformed propagator for the pion is
which is applied to eq.16. After a lengthy manipulation and repeating sigma propagator Γ ss (q) and introduce renormalization program, we get the pion and sigma Lagrangian
The sigma and pion masses are given as
The divergent integrals I 2 , I 0 and I 0 are defined as
We write the expressions of these divergent integrals in terms of the temperature and the chemical potential using the Matsubara formulation as
The pion field does not mix with other fields due to its pseudoscalar nature. However, the sigma meson field mixes with diquark and anti-diquark fields, and we have to diagonalize the mass matrix. 
The mass of the diquark baryon is written as m
− 2I 2 + 2∆ 2 I 0 )/I 0 . Sigma meson and diquark baryon have mixing because they are scalar particle. We write ∆ 0 and d in terms of the real and the imaginary parts
∆ 2 has been defined as g 
Numerical results
We would like to show numerical results in this section. For this purpose we fix the parameters of the PNJL model following the paper of Brauner et al., the list of which is provided in Table I of the paper [9] . These parameters provide the pion mass in the free space as m π = 140 MeV and the pion decay constant at f π = √ 2/3 × 93 MeV=76 MeV. The coupling constants taken are G = H = 7.23 GeV −2 and the cut-off momentum Λ =657 MeV.
Phase diagram and order parameters
We start showing the chiral condensate, the diquark condensate and the Polyakov loop with and without the coupling of the quark with the Polyakov loop. We show in Figs 
Meson and diquark masses
We show the behaviors of sigma and pion masses as functions of temperature with and without the quark Polyakov loop coupling at zero chemical potential (µ=0) in Figs. 5 and 6. Due to the small explicit chiral symmetry breaking m 0 = 5.4 MeV, the pion as a Nambu-Goldstone boson acquires a small mass of 140 MeV at zero temperature, while the sigma mass stays around twice of the constituent quark mass (m = 305 MeV). As the temperature increases the pion mass start to increase, while the sigma mass decreases until the temperature approaches the crossover temperature of 180MeV. After the two masses meat at the crossover temperature, they increase together as shown in Fig. 5 . When the quark Polyakov loop coupling is introduced, the increase of the pion mass becomes earlier and slower with temperature as shown in Fig. 6 due to the fact that the quark mass drops slower in larger temperature range as shown in Fig. 2 . The sigma mass does not drop much but only at the crossover temperature and then both the masses increase together with the temperature at the crossover temperature of T χ =225MeV.
We show now the behaviors of the meson masses and the diquark masses as functions of the chemical potential µ in Figs. 7 and 8 . Until the onset of the diquark condensate, the pion mass stays at 140 MeV and the sigma mass very slightly increases due to the renormalization constants. On the other hand the diquark masses are the same as the pion mass at µ=0 due to the Pauli-Güersey symmetry. One of the diquarks decreases linearly and the other increases linearly with µ. This is due to the trivial fact that there exist diquark and anti-diquark states at M d = ±140 MeV and with the chemical potential the excitation energy of these states from the chemical potential changes linearly with µ B = 2µ. After diquark condensation, which occurs at µ = 1 2 m π , the pion mass increases linearly with µ, because the energy normalization should be made at the positive energy diquark mass. This energy normalization corresponds to the fact that one of the diquark state stays at the zero excitation energy as shown in Figs. 7 and 8. As for the sigma and the other diquark mass, they couple each other after diqaurk condensation ∆ 0. In Fig. 7 , the coupling is suppressed and hence the sigma mass drops slightly as µ approaches the crossover chemical potential µ ∼ 150MeV and increases together with the pion mass. The diquark mass increases rapidly with the chemical potential after diquark condensation. On the other hand, when the coupling between the sigma meson and the diquark-baryon is introduced, the behaviors of those masses change largely as shown in Fig. 8 . The coupling of the sigma meson and the diquark baryon is very large. We study the equation of state (EOS) of quark-hadron matter with and without the hadron degrees of freedom at various chemical potential as functions of the temperature T in Figs. 9. The pressure divided by the Stefan-Boltzmann pressure is plotted in these figures. The thin solid curve denotes the EOS with only the quark degree of freedom. The pressure stays almost zero before de-confinement transition and increases suddenly after de-confinement transition with temperature. The other curves include the contribution of hadrons and hence the EOS depends on the chemical potential. Shown are the EOS's at µ =40 MeV and µ =47 MeV. Because of the fact that the pion mass and the diquark masses are small, the contributions of these degrees of freedom make the EOS largely different from that of the quark degree only. The EOS closer to the critical temperature of the onset of diquark condensation µ = 70 MeV behaves singularly as it approaches the zero temperature indicating closeness to the critical point.
Equation of state of quark-hadron matter

Conclusion
We have studied the quark-hadron matter at finite temperature and density by using the NJL model with the Polyakov loop potential. We consider the case of two color and therefore the diquark baryon is boson. We work out the thermodynamical potential with the order parameters of the Polyakov loop, the chiral condensate and the diquark condensate. We have worked out the hadron properties in all the temperature and density plain.
The Polyakov loop plays important role at finite temperature and the de-confinement phase transition is now correlated with chiral condensation. The temperature where those values become half values of the maximum values, both the temperatures agree at T χ = T dec = 225MeV. In the finite chemical potential case at small temperature T < T dec , the diquark condensate plays important role. The diquark condensate becomes finite at µ = 1 2 m π . This is simply the Bose-Einstein condensation. From this chemical potential the diquark condensate grows quickly and stay finite at large chemical potential. As the diquark condensate sets in, the chiral condensate decreases.
The meson and diquark masses behave naturally according to chiral and diquark condensation. The pion mass stays constant until diquark condensation and grows linearly with the chemical potential after diquark condensation. The sigma meson mass is about twice of the quark mass until diquark condensation. Due to the coupling of the sigma meson with diquark baryons, the mixed hadrons of sigma and diquark behave quite differently from the case without the coupling after diquark condensation. One of the diquark stays zero after diquark condensation.
The EOS at various chemical potential shows an interesting behavior, when we include the hadrons as the thermal degrees of freedom. Below diquark condensation, when the chemical potential approaches the critical chemical potential µ ∼ 1 2 m π , the pressure starts to diverge at zero temperature. This is a signal of phase transition. In fact, the diquark mode stays at m d = m π and when the quark chemical potential becomes a half of the pion mass µ = 1 2 m π , diquark condensation as the BoseEinstein condensation takes place.
